This paper develops a novel linear quadratic observer and tracker for the linear sampled data regular system with a direct transmission term from input to output. At the beginning, we use some existing techniques to decompose the singular system into an equivalent regular system which has a direct transmission term from input to output. Then, based on this equivalent regular system, a high-gain optimal linear quadratic analogue observer and tracker is proposed, so that it can effectively induce a high-quality performance on the trajectory-tracking design and the state estimation. Besides, the prediction-based digital redesign method is utilized to obtain a relatively low-gain and implementable digital tracker and observer from the theoretically well-designed high-gain analogue observer and tracker for the linear sampled data regular system with a direct transmission term from input to output. Several illustrated examples are given to demonstrate the performance and effectiveness of the proposed method. 
Introduction
The application of singular systems in economics and the demography is well known. Singular systems also arise naturally in describing large-scale systems. In the last several decades, many research concerning the singular systems have successfully solved many complex problems such as stability (Wang et al., 2008) , controllability, observability (Mertzios et al., 1988) , impulsive modes (Tsai et al., 1993), Q2 5 and the sufficient and necessary conditions for impulse controllability and observability of time-varying singular systems (Wang & Liao, 2001) .
The problem of asymptotic output tracking is considered in the control system described by a class of nonlinear differential-algebraic equations (Liu, 1998) . On the basis of the above proposed tracker, the tracking error in the closed-loop system approaches zero when time goes to infinity. Besides, the 10 problem of reliable robust H ∞ tracking control for a class of Lur's singular system with parameter uncertainties (Wang et al., 2008) is proposed to design the tracker in the sense of H ∞ performance, so that the system output y(t), which does not have the direct transmission term from input to output, tracks signal without steady-state error when all control components are operational as well as when some control components experience failure.
A singular system with a regular pencil can be transformed into a standard one by using a block modal matrix constructed using the extended matrix sign function (Tsai et al., 1993) . Subsequently, the singular system is then decomposed into a slow subsystem with the finite mode and a fast subsystem 20 with the infinite mode, where the fast subsystem may include the impulsive mode and nondynamic infinite mode. If the singular system does not contain impulsive mode, then it can be transformed into a reduced-order regular system and a nondynamic fast subsystem that the fast state depends only on the input. On the contrary, if the singular system contains impulsive mode, then a preliminary feedback gain (Tsai et al., 1993 ) is used to eliminate it.
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As mentioned above, the singular system can be converted into an equivalent regular system that may have a direct transmission term from input to output. To the authors' knowledge, the optimal tracker for the regular system containing the direct transmission term from input to output has not been proposed in literature. Therefore, we aim at developing the optimal linear quadratic analogue tracker and observer for this equivalent regular system. Moreover, because digital computers and processors 30 possess lots of advantages such as better reliability and lower cost, it is better to design the system using a digital controller. Further, to match the states between the discrete-time model and the continuous-time system, the sampling period must be sufficiently small. Nevertheless, although the original continuoustime system is stable, its discrete-time model may be unstable. To solve this problem, a technique called digital redesign (Kuo, 1980; Shieh et al., 1989; Tsai et al., 1989 ) is utilized to derive the digital tracker 35 for the sampled data regular system, so that the state of the digitally controlled system closely matches the state of theoretically well-design continuous-time system with the same input and initial condition. The digital redesign method is also utilized to design an observer-based tracker for the regular system containing the direct transmission term from input to output with immeasurable states.
The rest of this paper is organized as follows. In Section 2, the decomposition of singular system 40 is formulated for subsequent works. Section 3 proposes the design methodology of the optimal linear quadratic analogue tracker for the linear regular system with a direct transmission term from input to output. Section 4 presents the prediction-based quadratic digital tracker for the sampled-data linear system mentioned in Section 3. Section 5 develops the prediction-based digital observer according to the proposed prediction-based digital observer design, for the satiation when the state of the system men-45 tioned in Section 3 is immeasurable. Several illustrative examples and simulation results are provided in Section 6, and finally Section 7 concludes the paper. The related discussions on the principal nth root of a matrix and the associated matrix sector function are given in Appendix.
Problem formulation
The singular system can be converted into an equivalent regular system that may have a direct trans-50 mission term from input to output. The objective of this paper was to present a novel linear quadratic observer and tracker for this linear sampled data equivalent regular system. First, we adopt a block modal matrix, which is constructed using the extended matrix sign function, to decompose the singular system into a reduced-order regular subsystem and a nondynamic subsystem. Then it can be converted into an equivalent regular system, which has a direct transmission term from input to output. As a result,
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we can extend the digital redesign problems for regular systems to singular systems for the tracking purpose in the sequel.
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Introduction to the matrix sign function
Let us consider the singular system as follows: 1b) where x(t) ∈ n is the state vector, u(t) ∈ m is the input and y(t) ∈ p is the output. The constant matrices E r , A r , B r and C r all have appropriate dimensions, and E r is a singular matrix. The matrix sign function of a square matrix A ∈ C m×n with Re(σ (A)) | = 0 defined in Roberts (1980) has been shown as follows:
where I n is an n × n identity matrix and
where c + is a simple closed contour in the right-half plane of λ and encloses all right-half plane eigenvalues of A. Noting that, the matrix sign function (Lee et al., 2003; Shieh et al., 1983; Tsai et al., 1988) Q3 is also defined as 4) where the matrix √ A 2 denotes the principal square root of A 2 .
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Preserving the eigenvectors of the original matrix is a main feature of the matrix sign function. This property is useful for studying the eigenstructures of matrices and developing applications. The singular matrix E r can be modified by using the bilinear transformatioñ
where ρ is the radius of a circle with origin as its centre. Since this type of circle contains only zero eigenvalues of E r , there will be no eigenvalues located on the circumference. Therefore, the eigenvalues 75 within the circle are mapped into the left-half plane of the complex s-plane, and the others are mapped into the right-half plane of the complex s-plane.
The regular pencil and the standard pencil
Definition 2.1 (Gantmacher, 1974) 
The modified system retains its state vector x(t) and the matrices (E n , A n ) have the following properties.
Lemma 2.1 (Campbell, 1982) (1) The constant matrices E n A n = A n E n , which means that E n and A n commute each other.
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(2) The matrices E n and A n have the same eigenspace.
The above properties enable us to decompose a singular system into a reduced-order regular subsystem (slow subsystem) and a nondynamic subsystem (fast subsystem).
Decomposition of singular systems
Consider the continuous-time singular system in (2.1). It is well known that the singular system can be 95 decomposed into a slow and a fast subsystem. From (2.6) and (2.7), the regular pencil (sE r − A r ) can be transformed into a standard one (sE n − A n ). Note that since E r is a singular matrix, therefore it has at least one zero eigenvalue, β cannot be equal to zero. Hence, multiplying (2.1a) by (αE r + βA r ) −1 , we can get the following equation: βA n = I n , the pencil (sE n − A n ) is a standard one, which has the properties mentioned in Lemma 2.1. In order to decompose system (2.8), we convert the state x(t) intox(t) by 9) where the constant matrix M is a block modal matrix of E n and is determined by means of the extended matrix sign function (Appendix). The M matrix of state space transformation is given as follows:
Step 1 Find sign(Ẽ n ) using the extended matrix sign function with an adequate ρ, where
Step 2 Find sign
Step 3 Construct the matrix M = [ind(sign
, where ind(·) represents the collection of the linearly independent column vectors of (·).
Substituting (2.9) into (2.8) and multiplying M −1 on the left, the equation can be rewritten as
i.e.
Notice that since det(I n−κ − αĒ 2 ) = 1, the matrix is invertible. Simplifying (2.10) by 115 multiplying the block digonal{Ē
−1 } on both sides, one has
2 . To transfer the singular system (2.11) into an equivalent regular model, there are two cases to be 120 discussed.
Case 1Ē f is a zero matrix. System (2.11) can be written as 12) and (2.1b) can be rewritten as 13) where
x f (t) . Then, the continuous model (2.12) and (2.13) can be converted as 125 follows:ẋ
(2.14)
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Case 2Ē f is a Jordan matrix. It is remarkable to note that since
where the rank(E r ) is called the generalized order of the singular system, and the deg{det(sE r − A r )} is said to be the order of the slow subsystem. Referring to (2.11), one can determine the number of the 135 impulse modes easily by using the above equation. First of all, we assume the singular system has q impulsive modes, and then rank(
What follows is to find preliminary feedback gain K inner f and to prove that K inner f can eliminate impulsive modes by the following steps. Letx
f U is in the Jordan block form. Substituting (2.18) into (2.11) and multiplying it by L −1 , we obtain the following equation: 
where δ(t) and δ (i) (t) denote the delta function and the ith derivative of the delta function, respectively. From (2.21), the impulsive modes of the fast state are induced from inconsistent initial conditions of the fast state or discontinuous control input (or its derivatives).
Here, a preliminary feedback design method to eliminate the impulsive mode has been derived in Tsai et al. (1993) . Determination of the preliminary feedback gain
as follows:
1. If u i 1, where 1 i d, and its corresponding Jordan block is a null matrix, then
2. If u i > 1, where 1 i d, and its corresponding Jordan block is not a null matrix, then
. . .
Substituting (2.22) into (2.19) yields
where
. The singular system in (2.23) is obtained by applying the linear preliminary feedback control law u(t) from (2.22) to the system in (2.19). Equation (2.23) has the q finite modes (where q = rank(Ē f ) = rank(Ê f )) and the κ original finite modes. All these finite modes are guaranteed to be controllable. The next is to decompose the singular system into a 175 reduced-order regular system with (κ + q) controllable finite modes and the nondynamic equation with (n − κ − q) infinite nondynamic ones. It can be accomplished by using previously outlined steps again. At first, we transform the regular form into a standard one by multiplying (2.23)
where γ and η are arbitrary scalars such that (γ E k + ηA k ) is invertible. Therefore, we obtain 25) where the constant matrixM is determined by using the extended matrix sign function. The procedure is the same as the previous illustration for finding M , except that it operates on (γ E k + ηA k ) −1 E k . Substituting (2.25) into (2.24) and multiplying it byM −1 yields
TheĒ sk is invertible with rank= deg{det{sE k − A k }} = (q + κ), and theĒ fk is a null matrix
n−κ−q } to the above system yields
x f (t) . Thus, system (2.26) can be decomposed into the following form:ẋ where C = C r MLM . Applying the same procedures as (2.14)-(2.16), the singular system can be organized as follows:
After the transformation, the singular system can be converted into a regular system that contains a direct transmission term from input to output. The impulsive mode can be eliminated by means of the method in Tsai et al. (1993) . Here, we discuss only the case that a singular system does not contain 205 impulsive mode, since the discrete-time model of a singular system with impulsive mode does not exist.
Remark 2.1 The singular system can be converted into a regular system that contains a direct transmission term from input to output, in general. However, for some cases, such as
where the direct transmission term from input to output is vanished. Therefore, the singular system without the impulsive mode is just a class of the regular system with a direct transmission term from input to output.
Optimal linear quadratic analogue tracker for the regular system with a direct

feedthrough term
Consider the alternative form (2.30) of the singular system described as follows: 1b) where x(t) ∈ n is the state vector, u c (t) ∈ m is the control input vector and y c (t) ∈ p is the measurable 220 output vector. Parameters, A, B, C and D all are known constant system matrices of appropriate dimensions.
The process will be given in detail by following the steps to derive an optimal state-feedback tracker for a system containing a direct transmission term from input to output. First of all, we define the Furthermore, letD denote WD. Then, we have the state equatioṅ
and the co-state equation
where λ(t) is the Lagrange multiplier with the stationary condition
and the boundary condition
Let λ(t) be denoted as the following form
where S(t) and V (t) are parameters to be determined in the sequel. Substituting (3.7) into (3.5) yields
The differentiation of (3.7) can be shown aṡ
λ(t) = S(t)ẋ(t) +Ṡ(t)x(t) −V (t).
(3.9) Equation (3.4) can be rewritten aṡ
Similarly, substituting (3.7) into (3.10) yieldṡ
Subsequently, substituting (3.8) into (3.11), one haṡ
Organizing (3.9) and (3.12) yields
{Ṡ(t) + S(t)A − S(t)B(R +D
Accordingly, by setting the coefficients of (3.13) equal to zero, respectively, one can obtain
−Ṡ(t) = S(t)A − S(t)B(R +D
and 255
−V (t) = −{S(t)B(R +D
As a result, K c can be defined as
Substituting (3.16) into (3.15) yieldṡ
In steady state, (3.17) and (3.14) can be rewritten as
By solving (3.19), one can derive the positive definite matrix S(t). Finally, the optimal control law is defined as where
The optimal linear quadratic analogue tracker for the alternative form of singular system is shown in Fig. 1 .
Prediction-based linear quadratic digital tracker for the regular system with a direct
feedthrough term
Let the corresponding sampled-data control system for system (3.1) be 
where K d ∈ m×n and E d ∈ m×p are the feedback and feedforward digital gains, respectively, and r * (kT) is a piecewise-constant reference determined in terms of r(kT). The overall digitally controlled closed-loop system becomeṡ
for kT t < (k + 1)T, where the controller is realized using a zero-order hold device as shown in Fig. 2 .
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The discrete-time model is described as
LINEAR QUADRATIC OBSERVER & TRACKER 13 of 26 Fig. 2 . The sampled data system with the prediction-based digital tracker.
where G = e AT , (4.5)
Obviously, the varied control input u d (kT) at time instant kT includes varied state x d (kT) and varied reference input r * (kT). In addition, u d (kT) is determined based on the design goal
which contains the predicted output and reference input (Guo et al., 2000) . For tracking purpose, we present a prediction-based digital redesign to achieve the goal. To achieve the design objective, let the control input in (3.1) be u c (t) ≈ u c ((k + 1)T) at kT t < 290 (k + 1)T. Then, the discrete-time model of (3.1) with predicted control input can be rewritten as
(4.7)
In order to make the state x(kT) in (4.7) match the state x d (kT) in (4.4) closely, the control law in (4.2) should be given as
Substituting equation (4.7) into (4.8) and comparing with (4.2), the gain matrices of the control law are u d (kT) given as 
Prediction-based digital observer for the regular system with a direct feedthrough term
Consider the controllable and observable continuous-time system (3.1). Assume that the state x(t) is immeasurable. Let the observer continuous-time system, as shown in Fig. 3 , bė
wherex(t) ∈ n is the estimated state,ŷ c (t) is output of the observer and L c ∈ n×p is the observer gain. Then, simplifying (5.1) yieldṡ
Let the observer error be e(t) = x(t) −x(t), so that the error equation of the observer can be derived as
( 5.2) According to the dual concept of suboptimal tracker design method, one obtains the suboptimal observer gain L c in (5.2) as
where P o is the symmetric and positive definite solution of the following Riccati equation
What follows is to find a digital observer from the above analogue observer. At first, define the discrete-time observer error as
( 5.5) It is expected that the discrete-time error state can closely match the continuous-time error state at each sampling instant, i.e. e d (kT) ≈ e(kT), then the digital statex d (kT) can closely match the analogue statex(t) at each sampling instant, which also impliesx d (kT) ≈x(kT) ≈ x(kT). Equation (5.2) can be rewritten asė
whereũ c = −Ce(t). Moreover, using the same derivation as shown from (4.1) to (4.4), one can get the 320 discrete-time error model of (5.6)
Further, define
The discrete-time model corresponding to the analogue system is given as
From (5.12) and (5.13), one has
(5.14)
Substituting (5.11) into (5.7) yields Similarly, substituting (5.14) into (5.15), one has
From (5.15) and (5.16), the discrete time observer can be shown aŝ
The observer-based digital tracker scheme of the sampled-data system is shown in Fig. 4 . It is well known that the high-gain (analogue) controller/observer induces a high-quality perfor-350 mance on trajectory tracking design/state estimation, and it can also suppress system uncertainties such as nonlinear perturbations, parameter variations, modelling errors and external disturbances. For these reasons, the suboptimal analogue controller and observer with a high-gain property are adopted in our approach. The high-gain property controller can be obtained by choosing a sufficiently high ratio of Q to R (to be shown in Lemma 5.1) in (3.2) so that the system output can closely track the pre-specified trajectory.
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Lemma 5.1 (Tsai et al., 2011) Let a pair of weighting matrices {Q, R} be given as diagonal matrices Q = qI p R and R = rI m > 0. There exists the lower bound of weighting matrices {Q * , R * }, i.e. Q * = q * I p and R * = r * I m , determined by
as long as the property of the high-gain control still holds, that is, P 2 ζ P 1 , for
and κ 2 > κ 1 κ * , where P 2 and P 1 are the symmetric positive-definite solution of the following Riccati 360 equations, respectively,
However, the high-gain property of the analogue tracker usually yields large control signals, which might cause the system actuator to saturate and give unsatisfactory system response. To overcome this 365 difficulty, the tracker is redesigned based on the advanced digital redesign technique equipped with a suitably large sampling period and zero-order hold, which yields an equivalent digital controller but with a low gain, without possibly losing the high-quality performance. However, a large sampling period usually induces a degradation of the tracking performance. Therefore, in general, a suitable compromise between the pre-specified performance and the selections of the sampling time T, weighting matrices 370 (Q, R) in (3.2) should be considered. For simplicity in discussion, we neglect the actuator saturation problem in this paper.
Illustrative examples
Example 6.1 Consider a controllable and observable linear continuous-time singular system described in Mertzios et al. (1988) where
Because E n is singular, i.e. E n includes some zero eigenvalues, utilizing the bilinear transform to find the similarity transformation matrix M of E n is necessary. Assume ρ = 0.1, utilizing the algorithm which is described in Section 2, one has
Now, apply the extended matrix sign function to construct the block model transform matrix M which is described as follows
Then, one has 
As a result, one has
Then, the slow subsystem is 
Finally, the singular system can be transformed as the regular mode with a direct transmission term from input to output as ⎧ ⎨ ⎩ẋ 
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Note that, since at the initial time t = 0, before the design process, u c (0
T , one can set the initial condition
T , and from (2.16), one has y(0) = Cx(0) = C 1xs (0). Indeed, at the initial time instant t = 0, one will design a nonzero control input u c (0) so that it will yield the desired tracking purpose at t = 0 + . Nevertheless, this designed nonzero input u c (0) cannot be used to determine the initial state x(0).
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So, the initial condition should be given cautiously.
Using the digital redesign technique, as formulated in Sections 3 and 4, and adjusting the weighting matrix W in (3.2), some typical examples for the sampled-data singular system are illustrated in Fig. 5 .
If we utilize the method that neglects the direct transmission term, the result is divergent. T , respectively. Similarly, referring to the comment mentioned in Example 6.1, the given initial condition should also be cautious.
Assume that the state of (6.1) is immeasurable. Then, following the design procedures described in Sections 4 and 5, one can have the prediction-based digital observer and tracker. To show the effects 435 of weighting matrix W in (3.2), several cases, as shown in Fig. 6 , are given to illustrate the tracking performances for different weighting matrices. 
Conclusion
A novel linear quadratic observer and tracker for the linear sampled data regular system with a direct feedthrough term is presented in this paper. The new observer and controller proposed by this paper 440 can be successfully applied to the equivalent regular system of the linear singular system. Further, this paper shows that the tracking performance of the system is directly affected by the weighting matrix of control input in the performance index. Subject to the performance index, how to adjust the weighting matrix reasonably is imperative. Therefore, we suggest using some sophisticated algorithms, such as the evolution programming, to search the appropriate weighting matrix and to accomplish the 445 desired goals
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